ON CERTAIN MONOMIAL SEQUENCES 
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' Abstract. We give equivalent conditions for a monomial sequence to be a d- 

O ■ sequence or a proper sequence, and a sufficient condition for a monomial sequence 

to be an s-sequence in order to compute invariants of the symmetric algebra of 
i—\ . the ideal generated by it. 
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1. Introduction 



u 
<. 

d-Sequences, proper sequences and s-sequences are three kind sequences related to 
symmetric algebras. Firstly, let us recall their definitions. Let R be a commutative 
Noetherian ring and a\, . . . , a n G R. We say that a\, . . . , a n is a d-sequence if 
d, . . . , a n is a minimal generating set of the ideal ( CL\ , . . . , CL n ) and 

(oi, . . . , a,i) : a i+1 a k = (a 1; . . . , a*) : a k , i = 0, . . . , n - 1, k > i + 1, 

cf., jl]. Proper sequences were introduced in 0. a\, . . . ,a n is called a proper se- 
q . quence if 

a i+ iHj(ai, . . . ,cn;R) = 0, z = 0, . . . , n - 1, j > 0, 

where R) denotes the j-th Koszul homology of It is shown 

in JH] that ax, ■ ■ ■ , a n is a proper sequence if and only if a i+1 /f 1 (oi, . . . ,af, R) = 0, 
i = 0, ... , n — 1. We will use this condition as an equivalent definition of proper 
sequences. Recently, a new sequence, so-called s-sequence, was introduced in [2] to 
study symmetric algebras. Let M = (fi, . . . , f n ) be a finitely generated i?-module 
with relation matrix (aij) mxn - Then 

Sym(M) =%!,..., 3/ n ]/ J, 

where J = (pi, . . . , g m ) and g>j = J^" =1 a ijUj, i = 1, ■ ■ ■ , m- Let < be a monomial 
order on the monomials in y 1 ,...,y n with the property y\ < ■ ■ • < y n . Set Jj = 
{fx, fi-l) ■ fi- Then (I x y x , I n y n ) C in<(J). We call / 1; . . . , /„ an s-sequence 
(with respect to <) if 

in<(J) = (hy u . . .,I n y n ). 

If, in addition I\ C • • • C I n , then fi, . . . , f n is called a strong s-sequence. 

In this paper, we consider monomial d-sequences, proper sequences and s-sequences. 
Throughout let R = K[x\, . . . , x m ] be a polynomial ring, where K is a field. 

In the monomial case, s-sequences can be characterized by Grobner bases. Let 
fit ■ ■ ■ i fn £ R be monomials. For any i ^ j, denote the greatest common divisor of 
fi and fj by [fi, fj] and set f {j = yfij-y Then J is generated by ^ := fyyj - f^yi, 
1 < z < j < ri, and fi, . . . , f n is an s-sequence if and only if gij, 1 < i < j < n, form 
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a Grobner basis with respect to some monomial order < such that yi < • • • < y n 
and Xi < yj for any i, j, cf.,j2J- In the following, we will assume such an order. 

In sections 2 and 3, we will characterize monomial d-sequences and proper se- 
quences. Let fx, . . . , f n be a minimal monomial sequence. We show that fi, ■ ■ ■ , f n 
is a d-sequence if and only if [fi, fj) \ fk, for all i < j < k, and [fi, fj] = [fi, ff], 
for all i < j, while for fx, ■ ■ ■ , f n to be a proper sequence it is equivalent to that 
[fi, fj] | fk, for all i < j < k. Section 4 is devoted to discuss monomial s-sequences. 
In a first sufficient condition is given. In this paper we introduce other sufficient 
conditions. In particular we study the condition [fi, fj] \ f k , for any i < j < k. For 
this sequence, very strong properties of the annihilator ideals follow, in particular to 
be a strong s-sequence. We give a sufficient condition for a monomial sequence to be 
an s-sequence which is satisfied by strong s-sequences and show that this condition is 
also necessary in the case the sequence is squarefree and has 4 elements. Finally, we 
deduce some properties of the symmetric algebra of an ideal generated by a strong 
monomial s-sequence. 

2. Monomial d-Sequences 

In this section, we will give a characterization of monomial d-sequence. 

Let fi, . . . , f n G R be a monomial sequence. We say that fx, ■ ■ ■ , f n is minimal if 
it is a minimal generating set of the ideal (fx, ... , f n ), which is equivalent to that 
there is no i ^ j such that fi \ fj. 

By definition, fa, . . . , f n is a d-sequence if and only if 

(fi, -..,/<) : fi+ifk = (h, ■ ■ ■ , fi) ■ fk, i = 1, • • • , n - 1, k > i + 1. 
Note that, for any monomial sequence gx, ■ ■ ■ , g m , g m +i G R, (gx, • • • , g m ) '■ g m +i = 
( wit^TV • • • ' [gJSUi] )- Then /i> • • • > /n is a d-sequence if and only if 

( fx fi ) — [ tl ti ) i— 1 71 _1^>^1 

V [/l> fi+lfk) ' ' [fi, fi+lfk] J \ [fl, fk] ' ' [fi, fk] J ' 

The sufficient part of the following theorem is observed in [S] , in which it is shown 
that, when [fi, fj] = [fi, fj] for all i < j, fx, ■ ■ ■ , f n is a d-sequence if and only if 
[fh fj] I /* for all i <j <k. 

Theorem 2.1. Let fx, ■ ■ ■ , fn be a monomial sequence. Then fx, ■ ■ ■ , fn is a d- 

sequence if and only if there is no i ^ j such that fi \ fj and 

[fijj] I fk, 1 <i < j < k < n, 
[fi,fj] = [fi,fj],l<i<j<n. 

Proof. Note that, for any j < i, [fj,f\+xfk] = [fj,fk] holds if k — i + 1 and 
[fj, fk] = [fj, /it 2 ], or if k > i + 1, [fj, fl] = [fj, f k ] and [fj, f i+1 f k ] | [fj, fl] which is 
satisfied if [fj, fi + x] \ fk- Then the sufficient part follows. 

Now we show the necessary part. We use induction on n. When n = 2, from 
( rfijfl] ) = ( [fif 2 ] ) we see immediately that [fi,^] = [fu fi]- Assume that n > 2 
and the result is true for n — 1, thus [/j, fj] \ f k for all i < j < k < n — 1 and 
LA, /j] = [A, /j] for all % < j < n - 1. We are going to show that [f, fj] | /„ for all 
i < j < n - 1 and /„] = /^] for all i < n - 1. 
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We first use induction on j to show that [fi, fj] \ f n for alH < j < n — 1. When 
j = 2, from ( [/i; ^ /n] ) = ([y^j) we have [/ a , /„] = [/i,/ 2 /«], but [f 1 J 2 ] | [/i,/ 2 /»], 
hence [/1, / 2 ] | [/1, /„], so [/1, / 2 ] | / n . Now assume that j > 2. For any i < j < n-1, 



from 



we have 



./:. 



[/lj/i/n] [/i-lj/j/n] 



/l 



/l 



[fl , /n] 



Lfj-1, /n] 



Then 



fk 
[fkjn] 



[fi, fjfn] \ [/l) /n] [/j — 1' /«•] / 

r; {' ; 1 for some A; < j ' — 1. We claim that k = i. If ^ z, then, 
by induction hypothesis on n, [/*,/»] | /j, thus | [fi,fjf n ]- By induction 

hypothesis on j, [f k , fc] \ [f k , f n ], hence j-^r-j and t/ .^ /n] are coprime. Then j-^k-j = 

1, hence f k | /„, a contradiction. Hence p-^j | [y. Jj* /re] , thus [fi,fjf n ] \ [fi,f n ], but 

LA, /j] I [/», fjfn], we have [/<, | /„, as required. 
Now we show that [fi, f n ) = [fi, f%] for all i < n — 1. From 



fi 



fn- 



[h,fl\ 



[fn— 1, /j 



/l 



n-1 



we have 



fi 



[fi, fn\ 



fl 



[fl , /n] ' 

fn-1 



[fn— 1) /n] 



[/l; fn\ [/n-li/n], 

Then there exists some k < n — 1 such that rj / fc , 1 I r ,^ 21 . We claim again that k = i. 

— [fkjn] 1 [/i,/„] to 

ttk=fii, then, as [/ fe , /j] | / n , we have [f fe , /<] | [f k , f n ] and also [f k , f t ] \ [fi, fl], hence 

Then ,J k t 1 



life] and I7& are c °P nme - 



1) so fk I /m a contradiction. Hence 

[A] I LOT' thus ^' ^ I LA' ^' so ^' ^ = ^' The proof is com P lete - D 
We have immediately from 12. li the following 

Corollary 2.2. Let fi, ■ ■ ■ , f n be a monomial sequence. If f\, . . . , f n is a d-sequence, 
then any subsequence of f±, . . . , f n is also a d-sequence. 



Let fi,..., 
follows 



3. Monomial Proper Sequences 
/„ be a monomial sequence. Define homomorphisms d± and d 2 as 



di : 0i? ei 



i=l 

< 

d 2 : Re 

l<i<j<n 



Then 
and 



-> fi, 

n 
1=1 

H 1 (f 1 ,...,f n ,R) = Kei(d 1 )/lm(d 2 ), 
Ker(di) = (fijCj - /^e» : 1 < z < j < n). 
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The following theorem gives a characterization of monomial proper sequences. 

Theorem 3.1. Let fi, ■ ■ ■ , f n be a minimal monomial sequence. Then fi, ■ ■ ■ , f n is 

a proper sequence if and only if 

[fi, fj] I fk, for all I <i < j < k < n. 

Proof. Let di and d 2 be defined as above. Note that, for r — 2, . . . , n — 1, to show 
that f r+ iHi(fi, . . . , f r ; R) — is equivalent to prove that 

f r +i(fijej - fjiCi) G Im(d 2 ), for all i < j < r. 

Suppose that [fi, fj] \ fk, for all i < j < k. Then, for r — 2, . . . , n — 1 and any 

1 < j < r, 

fr+l(fij e j ~~ fji e i) = JjT~j<~^(fi e j ~ fj e i) 

= M-jjPj^ e ij) e Im(d 2 ). 

Thus /i, . . . , f n is a proper sequence. 

Conversely, assume that fi, . . . , f n is a proper sequence. We use induction on 

2 < r < n — lto show that 

[fijj] I fr+i, for a11 i<j<r. 

Let r = 2. By fz{f l2 e 2 - / 2 iei) G Im(d 2 ), we have that / 3 (/i 2 e 2 - / 2 iei) = 
r(/ 2 ei - /ie 2 ) for some r <E R. Then / 3 / 12 = -r/i, hence f 3 = -r[/i,/ 2 ], so, 

[A, A] | /3- 

Now assume that r > 3 and [/j, /^] | fk for all i < j < k < r, let us show that 
[fi, fj] I fr+i f c> r all i< j <r. By assumption, for any i<j<r, f r +\(fji^i-fij^j) G 
Im(d 2 ), we see that 

fr+lfij £ (fl, ■ ■ ■ , fj, ■ ■ ■ , fr)- 

Note that, if [fi, fj] \ f r+1 , then fi \ f r+ ifij, hence f r +ifij G (fi, fi, / r ). 
Since, for any 1 < i, j < r, [fi, fj] | [f h f r ], we only need to show that [f h f r ] \ f r+1 , 
i = 1, . . .,r - 1. 

Assume the contrary. Then there exists s > 1 and 1< &!<•••< A; s <r — 1 such 
that 

[f fr] f fr+1, i = l,-..,S, 

and 

[/?') fr] | /r+1, j ^ fa, ■ ■ ■ , k s . 

As [/*., / r ] f / r+1 , we have that fr+ifk x ,r e (/i, ...,/*.,..., / r _i). For any j 7^ 
fci, . . . , fc a , we claim that £ f f r +ifk t ,r- If jj | fr+ifk^r, then, as [/,-, / fc J | / r+ i, / jjfc . | 
jjfj^lfk^r, but [/ jifei , / fei;r ] = 1, hence / j>fci | jjfj^, thus ^ | / r+1 , a contradiction. 
Hence /j f f r +ifk i: r for all j 7^ fa, . . . , k s . Thus 

fr+lfk it r £ (fk!, ■ ■ ■ , fh, ■ ■ ■ , fk s ), i — 1, ■ ■ ■ , S. 

Note that s > 2. Let i\ = 1. Then there exists £ 2 7^ £1 such that | f r +ifk tl ,r 
and there exists £3 7^ £ 2 such that | f r +ifk e2 ,r, here it is possible that £3 = £1. 
Note that [fk h , fk t3 ] t /r+i, otherwise, by f kta \ f r +ifk t2 ,r we have that fk h M 2 I 



Ifk fl but ifkt 3 M 2 iht 2 ,r] = nence fta I /r+i, a contradiction. On the 

other hand, since | [fk h ,fr] and also | [fk l2 ,fr], we have that 

fk ti ,r I fk ei ,k t2 and | fk t2 ,k ei - Then / fc<2 | f r +xfk ti ,k t2 and / fe<a | f r +xfk l2 ,k tl - Thus 

[/fc <2 ;/fc <3 ] I fr+ifk h ,k i2 and also [/fc <2 , /^J | f r +ifk l2 ,k t ^ but [fk^k^fk^k^] = h we 
get that [/k v /fc, 3 ] | /r+i, a contradiction. □ 
Let /i, ...,/„ be a monomial d-sequence. Since a d-sequence is a proper sequence, 
it follows from 13 .11 that | fk for all i < j < k. This gives another proof of 

\fi,fj] |/fcinO 
From l3~Tl we have immediately 

Corollary 3.2. Let fi, • • • , f n be a minimal monomial sequence. If fx, . . . , / n is o 

proper sequence, then any subsequence of fi, . . . , / n is a/so a proper sequence. 

We say a d-sequence (proper sequence) is unconditional if any permutation of it 
is also a d-sequence (proper sequence). 

Corollary 3.3. Let f\,...,f n bea minimal monomial sequence. 

(1) fi, . . . , f n is an unconditional proper sequence if and only if there exist mono- 
mials d, gi, . . . , g n such that fi = dgi, i = 1, . . . , n, and g\, . . . , g n is a regular 
sequence. 

(2) fi, . . . , f n is an unconditional d-sequence if and only if there exist monomials 
d, gi, . . . , g n such that fi = dg i; [d, gi\ — 1, i — 1, . . . , n, and gi, . . . , g n is a 
regular sequence. 

Proof. (1) By 13.11 fi, . . . , f n is an unconditional proper sequence if and only if 

LA, fj] = [fi, fk] = [fj, fk], i <j <k. 

For any i < j, set d = [fi, fj] and = Then [gi,gj] = 1 for all i ^ j, which is 
equivalent to that gi, . . . , g n is a regular sequence. 

(2) In virtue of 12. II and 13.11 fi, . . . , f n is an unconditional d-sequence if and only 
if it is an unconditional proper sequence and [fi, fj] = [fi, /?] for all i < j. Then, by 
(1), it is equivalent to that there exist monomials d,gi, . . . ,g n such that fi = dgi, 
i = 1, . . . , n, gi, . . . , g n is a regular sequence and [dgi, d 2 gf\ = [dgi, dgf\, but the latter 
identity is equivalent to [d, g t ] = 1 when gi, . . . , g n is a regular sequence. □ 

Let /i, ...,/„ be a squarefree minimal monomial sequence. Then [fi, fj] = [fi, /?] 
holds for any i < j, thus (1) of following corollary is clear from 12. ll and l3~Tl but 
note that a d-sequence is a proper sequence in general. Let I = (fi, . . . , f n ) and /* 
the canonical image of fi in Sym(J). Since /*, ...,/* is a d-sequence in Sym(J) if 
fi, . . . , f n is a d-sequence by jSJ Theorem 1.1] and that f{, . . . , f* is a d-sequence in 
Sym(J) is equivalent to that fx, ...,/„ is a proper sequence by |H1 Theorem 2.2], the 
following (2) follows from (1). 

Corollary 3.4. Let fx,...,f n be a squarefree minimal monomial sequence. Then 

(1) fx, . . . , f n is a proper sequence if and only if fx, ■ ■ ■ , fn is a d-sequence. 

(2) fx, . . . , f n is a d-sequence if and only if f*, . . . , f* is a d-sequence in Sym(I), 
where I = (fx,...,f n ). 
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4. Monomial s-Sequences 

Let fa . . . , fa be a monomial sequence. Proposition 1.7 of [2] states that fi,...,f n 
is an s-sequence if [fa, fa{] = 1 for alH < j, k < I, % ^ k and j ^ I. The following 
theorem also gives a sufficient condition for a monomial sequence to be an s-sequence. 

Theorem 4.1. Let fa...,f n be a monomial sequence. For any i<j,k<l,j<l 
and k ^ i, suppose that [fij,fki\ = I or fji[fij,fki] \ fklfji, or fu[fij,fki\ I fki fji in- 
case i > k. Then fi, . . . , f n is an s-sequence. 

Proof. For any i < j and k < I, we need to show that all the S-pairs S(gij,gki) 
have standard expressions with zero remainder. 
Note that 

rtf \ fklfji flkfij 

b{gij,gki) = 77 — yiViVi - t? — fiVkVj- 

[fij, Jkl\ [fij, Jkl\ 

o f \ / fklfjk flkfkj \ 

S{gij,gki) = yk{j7 — tiVi ~ 77 — t^Vj)- 

[Jkj , Jkl\ [Jkj , Jkl\ 

As S(g i: j,g k i) = when y { = fi, = fj, y k = f k , and y t = f h we see that 

[/fc'/fci] ^ ~~ [fk- fLft i 1S * n ^ e ^ rst syzygy °^ fi J $ h t ^ LUS ^ * s a mu ltiple of gji. Then 
S{gij,gki) has a standard expression with zero remainder. Similarly, S(gij,g k i) has 
a standard expression with zero remainder if j = I. 

Now assume that i<j,k<l,i^k and j 7^ I, and assume that j < I. Then, by 
assumption, ijrjh is divided by fa or f k i or f ki when i > k. If rjrfe is divided by 
fa, then 

ci/ \ fklfji 1 flj fklfji flkfij \ 

b{gij, g k i) = YJ7 — TiVi9ji + ViK-f-Jf — T\ Vi ~~ 77 — ft^*0' 

JjliJiji Jkl\ Jjl[Jij, Jkl\ [Jij, Jkl\ 

but fji[fij!fki] yi ~ [h/jL\ Vk is in the first °f fh fk, so it is a multiple of g ik , 

fklfji 



If i = k, then 



hence S(gij,g k i) has a standard expression with zero remainder. Similarly, if , 

is divided by f k \ or when i > k, S(gij, g k i) has also a standard expression with 
zero remainder. □ 
Note that ^pj^ is divided by fji if [fi, fa \ f\. Then we have the following 

Corollary 4.2. If, for any i < j < I, k < I, k ^ i, [fa, f M ] = 1 or [fi, fa \ fa then 
fi,...,f n is an s-sequence. 

Example 4.3. There exist monomial sequences which do not satisfy the sufficient 
condition in |2J Proposition 1.7], but satisfy our new sufficient condition. Let f\ = 
X\X 2 x 3 , h = x 4 x 5 x 6 , h = x 2 x 3 x 7 and f 4 = x 7 x 8 x 9 . Then [fas, fa] = [/2a, fa] = 1, 
[fa, fa] = x 2 x 3 but [fa fa] I fa Similarly, if we set fx = x\x\x 4 , f 2 = x x xl, 
f 3 = x\x\x\ and / 4 = x\x 3 x 4 x\, then [fa, fa] = 1 for alii < j , k < I, j < I and k ^ i 
but [/12, fa] = x 4 , and [fafa \ fi- Hence, by\J^ x 1 x 2 x 3 ,x 4 x 5 x (i ,x 2 x 3 x 7 ,x 7 X8X 9 
and x\x\x 4 ,x\x\,x\x\x\,x\x 3 x 4 x\ are s-sequences which do not satisfy the sufficient 
condition in Proposition 1.7]. Furthermore, the sequence f\ = x 2 x 3 x 7 , f 2 = 
X\X 2 x 3 , f 3 = fi = x 7 x$Xg satisfy all the possibilities of the condition 

in\JH\ since [f i2 , fa] = 1, [fa, fa] = x 2 , [faf 3 ] \ fi but fa[fa, fa] \ fafa, and 
[fa, fa] = x 2 , [fa f 3 ] \ fi but fa[fa, fa] I fafa. 



Recall that fx, . . . , f n is a strong s-sequence if it is an s-sequence and I 2 C • • ■ C I n , 
where U = (f u . . . , : Note that lj = (/ H , . . . , 

Proposition 4.4. Let f\, . . . , f n be a monomial sequence. 

(1) For any i < j < k, [f h fj] \ f k if and only if [f ik , f jk ] = 1. 

(2) If [fa, fj] I f k for all i < j < k, then f u , /;_ M is a regular sequence for 
i — 2, . . . , n. 

(3) If [fa, fj] I f k for all i< j < k, then J 2 C • • • C I n . 

Proof. (1) If [fijj] I f k , then [f h fj] | [f h f k ] and [fijj] \ [fjjk], but f ik = 
and f jk = we see that [f ik , f jk ) = 1. Conversely, suppose that [f ik ,f jk ] = 1. 

Let [/j, /j] = x^ 1 • • ■ x%. Then, for any 1 < t < r, | [/j, f k ] or x^ | / fc ], hence 
1* I /fc in two cases, it follows that [fi, fj] \ f k . 

(2) By (1), for any k < I < i, [f ki , fu] = 1, thus fu, . . . , /;_ M is a regular sequence. 

(3) For any i < j < k, by assumption, [fi, fj] | [fi, f k ], hence / ifc | /y. Then 
Ij Q Ik-, the result follows. □ 

BvlQlandlOTSl. we have 

Corollary 4.5. // [fi, fj] \ fi for all i < j < I, then fi, . . . , f n is a strong s-sequence. 

Note that, since /1, . . . , f n is a proper sequence if and only if it is a strong s- 
sequence (see j2]), we can also get the above corollary from 13. ll observing that we 
need not to assume that /1, . . . , f n is minimal in the sufficient part of 13.11 

For the sequence f\ = Xix 2 x 3 , f 2 = x 4 x 5 x 6 , / 3 = x 2 x 3 x 7 , f\ = xjx 8 x 9 in 14.31 since 
[/1, /3] f U, fx, /a, fa, h is an s-sequence but not strong. 

The following proposition states that a squarefree minimal monomial sequence is 
an s-sequence if it is 'strong'. 

Proposition 4.6. Let fi,...,f n be a squarefree minimal monomial sequence. If 
hQ'-Qln, then [fi, fj] I fk for all i <j < k. 

Proof. By induction on n. When n = 3, by J 2 = (/12) Q h = (/13, /2s), we have 
/12 G (/i3,/23). Then f 13 | f 12 or / 23 | /i 2 - If /13 I /12 then [fi,f 2 ] \ [fi, fa], hence 
[/13/2] I /3j thus it is enough to show that f 23 \ f\ 2 . Assume that f 23 \ f\ 2 . Then 
fi I /i2[/2,/3], but [f 2 ,fi 2 ] = 1 as fi,f 2 are squarefree, we have f 2 \ [f 2 ,f 3 ], hence 
/2 I /3, a contradiction. 

Now assume that n > 3 and [fi, fj] \ f k for alH < j < k < n. Let us show that 
[ft, fj] I fn f° r an y i < j < n. Note that we may assume that j = n — 1, since if 
j < n — 1 then by [f h fj] \ / n _ x we obtain that [f h fj] \ [f h / n _i]. By assumption 

In—l (/l,n— 1) • • • j fn—2,n-\ ) ^ -^n (/in; • • • j fn—l,n), 

we have / ijn _i e (/ ln , . . . , /„_!,„), hence / ij7l _i is divided by some f jn , 1 < j < n - 1. 
If /m I An-i, then [/j,/„-i] I [/»,/ n ], hence [/j,/„_i] | /„• Thus it is enough to 
show that fj n \ fi-n-i for any j 7^ i,j < n — 1. Suppose that / Jn | /j, n -i then 
/j[/i, fn-i] I /i[/j, /n]- As j < n — 1 and i < n— 1, by induction hypothesis we have 
[/i,/i] I /n-i- Then [ft, /,-] | [/i,/ n -i], thus fj[fi,fj] \ fi[fj,fn], i.e., /j | fij[fj, fn], 
but [/j, /jj] = 1 as /j, /,• are squarefree, hence /,• | [fj, f n ], so, /,■ | /„, a contradiction. 
□ 
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Proposition 4.7. The condition in \4-l\ is necessary if n = 4 and the sequence is 
squarefree. 



Proof. Suppose that fi, f%, /s, / 4 is a squarefree s-sequence. Let us show that 
[fij,fki] = 1 or jjfjj^ is divided by f jt or f ki in case i > k by S(gij,g k i) has a 
standard expression with zero remainder. 

First note that [fij,fji] = 1 as /i,/2,/3,/4 are squarefree. Thus it is enough 
to consider (i,j,k,l) is one of (1,2,3,4), (1,3,2,4) and (2,3,1,4). We need to 
show that [fi2,fu] = 1 or fulfil fu] I /21/34 in the first case, [/i 3 , / 24 ] = 1 or 
/34[/i3,/a4] I /31/34 in the second case and [f u , f 23 ] = 1 or /^L/u, fa] I /32/14 or 
/12L/145/23] I /32/14 m the third case. We will give the proof of the first case and 
omit the similar proofs of the second and third cases. The following arguments do 
not depend on the assumption that the sequence is squarefree. 

Note that, to get a standard expression of S(gij,gki) is equivalent to find some 
g st whose initial term divides the initial term of S(gij,g k i) and substitute a proper 
multiple of g s t such that the remaindered polynomial has smaller initial term, then 
do the same for this polynomial and so on. 

Suppose that S(gi 2 , #34) has a standard expression with zero remainder. Then the 
initial term of 

or \ /21/34 /12/43 

6(012, 034) = 77 ^-T 2/12/4 ~ 77 Tl ^ 3 

[J 12, JU\ [Jl2, JU\ 

is divided by the initial term of g 34 or g 2 4 or g 14 , i.e., r|jj^i is divided by / 34 or / 2 4 
or fu. In the first case, we have [/i 2 , ^34] = 1. Now assume that the third case, then 

Of x /2 1/34/41 2 /l2/43 /2l/34 

6(012,034) = 77-T7 T-lVl ~ 77 7— T2/22/3 + 7777 ^,2/1014- 

J" 14 [J 12 , J34j L/12 , J34j J" 14 [J 12 , J34j 

Thus [j^y^j 2/22/3 should be divided by the initial term of 0i 2 or g 13 or (723, i-e., [y^f^] 
is divided by /12 or /i 3 or / 23 . In the first case, we have [/i 2 , / 3 4] = 1. In the second 
case, from the first equality of S(gi 2 , 034), we have 

cv s / /21/34 /12/43/31 \ /12/43 

6(012,034) = 01(77 7" [2/4 - 7-77 7-T02) - 7-77 7-T02C/13- 

[Jl2,/34j Jl3[Jl2,j34j Jl3[jl2, J34J 

As [hljL] yA ~ /S/12,/34] ^ is in the first syzygy of / 4 , / 2 , we have that is 
divided by / 2 4. Finally, assume that [J^yt^ is divided by /23- Then 

c / x _ /2 1/34/41 2 /12/43/32 2 /12/43 /21/34 

"J (012, 034J — 77-77 7-72/1 — 7 7 Fl"^ — 7 7 7 — f2/25 , 23 + 7 7 7 _ 72/l5 , 14- 

Jl4[Jl2,/34j J23U 12,J34 J J 23 U 12, J34j J" 14 [j 12 , J 34j 

Thus, we must have / i2 I hence f 12 M 32 ¥, G i2, but f 12 M 32f ?\ = 

J 1Z 1 /23[/l2,J34j ' /l2/23l/l2,/34] ' /l2/23[/l2,/34] 

Aftfe- Then I ifefel • /3i, bnt [/ 13 , / 31 ] = 1, we have / 13 | reduce to 

the second case. Hence, in any case, we have [/12, / 3 4] = 1 or / 2 4[/i 2 , /34] I /2i/34- 1=1 
Finally, we consider the symmetric algebra of the ideals generated by strong s- 
sequences. 

Theorem 4.8. Let f\,...,f n be a monomial sequence and I = (/1, . . . , f n ). Suppose 
that [fi, fj] I fk for all i < j < k. Then 

(1) Sym(I) is Cohen- Macaulay of dimension m + 1; 

8 



(2) e{Sym{I)) = YJU]\r = \deg{f Jl ); 

(3) When fi, ■ ■ ■ , f n have the same degree, 

i-l 

reg(Sym(I)) < max{V deg(fji) - (i - 2)}. 

2<i<n ^— ' 

" " i=i 

Proof. By assumption, fi,...,f n is a strong s-sequence. Then from E3f2) we 
see that dim(i?//j) = depth(i2/J i ) = dim(i?) — i + 1, i = 2, . . .,n. Hence, by j2 
Propositions 2.4 and 2.6], we have 

dim(Sym(/)) = max{dim(i?//j) + i} = dim(R) + 1 = m + 1 

2<i<n 

depth(Sym(/)) > min {depth(i?/J i ) + i} = dim(R) + 1 = m + 1 

2<i<n 

e(Sym(/)) = J] e (J2/J 4 ), 

2<i<n 

and, when fi,...,f n have the same degree, 

reg(Sym(/)) < max {reg(Ij)}. 

2<i<n 

Then Sym(7) is Cohen-Macaulay of dimension m + 1, note that from Corollary 
5.10] and the remark in front of it we can also conclude that depth(Sym(/)) > 
depth (.R) + 1. Since is generated by the regular sequence fu,---,fi-i,i, it is 
well-known that 

i-l 

e{Rlh) = ;Q de g(^)> 
i=i 

i-l 

reg(J i ) < ^deg(/ i< )-(i-2), 

3=1 

hence 

n i— 1 

e(Sym(J)) = ^n^g^), 

i=2 j=l 

i-l 

reg(Sym(7)) < max { V deg(/ i< ) - (i - 2)}. 

2<t<n ^— ' 

□ 
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